We prove that the space of L 2 harmonic forms of middle degree is infinite dimensional on any non-compact Kähler hyperbolic manifold. §1. Introduction 
proved the remarkable L 2 −extension theorem. Ohsawa also found several interesting applications of the Donnelly-Fefferman estimate, for instance, to the Hodge theory on singular complex spaces and to the study of the Bergman metric (cf. [16] , [5] etc). The main result in [8] is H p,q 2 (M ) = 0 for p + q = n and dim H p,q 2 (M ) = ∞ for p + q = n, associated to the Bergman metric on bounded strongly pesudoconvex domains. A different approach of infinite dimensionality was proposed by Ohsawa [17] .
In a more geometric direction, Gromov [10] Comparing to the rather strong vanishing theorems in [8] , [10] , the conditions for non-vanishing results seem to be less transparent. In this spirit, we will show
From 0.1.B. in [10] , we obtain Corollary 1.
If (M, ω) is a complete simply connected Kähler manifold with sectional curvature bounded above by a negative constant, then
Let T g,n denote the Teichmüller space of a Riemann surface of genus g and with n punctures. It is a complex manifold of dimension 3g − 3 + n. Since the Bergman metric on T g,n is d−bounded (cf. [4] ), one has
Corollary 2.
With respect to the Bergman metric,
Assume M is a holomorphic family of Riemann surfaces of genus g and n-punctures over the unit polydisc ∆ m in C m . According to the celebrated Bers simultaneous uniformization, the universal coveringM of M is a holomorphic family of conformal discs over ∆ m (in particular,M is a domain in C m+1 ), and there is a holomorphic map f : ∆ m → T g,n , which naturally induces a holomorphic mapf :M → F g,n , where F g,n is the Bers fiber space over T g,n , which maps fibers to fibers. Setω = ds
denote the Bergman metrics on ∆ m , F g,n respectively.
Corollary 3.
With respect toω,
Proof. Since F g,n is biholomorphic to T g,n+1 (cf. [2] ), by a similar argument as in [4] , we can show that ds
is also d−bounded, which implies ρ = −e − log K F g,n is a negative strictly plurisubharmonic exhaustion function for sufficiently small > 0, where
we conclude thatω is a d−bounded complete Kähler metric onM .
The proof of Theorem 1 is a modification of the original argument of Donnelly-Fefferman, which turns out to be quite simple since we only use the vanishing theorem, while in [8] the existence of L 2 −harmonic forms in the unit ball and asymptotic behavior of the Bergman metric on strongly pseudoconvex domains (cf. [9] , [13] ) play an essential role, even in the special case of the ball one has to use some deep theorems such as Atiyah's L 2 −index theorem [1] and the Hirzebruch proportionality principle [11] . Vanishing theorems in [8] , [10] have been extended to certain "non-elliptic" cases in [3] , [12] , [15] . A typical example of those results is C n equipped with the Euclidean metric. Clearly, one cannot expect the existence of L 2 −harmonic
forms. §2. Proof of Theorem 1
Let (M, ω) be a complete Kähler manifold of dimension n. Let L p,q 2 (M ) denote the Hilbert space of (p, q)−forms with respect to the norm defined by
where * is the conjugate of the Hodge star operator * associated to ω. Let∂ * denote the adjoint of∂. The space of L 2 −harmonic forms is
We need the following important observation of Gromov:
Theorem (cf. [10] ).
Let (M, ω) be a complete Kähler manifold of dimension n and ω = dη where η is a bounded
when the left hand side of the inequality exists, where λ 0 is a strictly positive constant which depends only on n = dim M and the bound on η, 
For sufficiently large r and for all j, we have such ψ j whose support is contained in the geodesic ball B(y j , r) of (N, g) . Therefore, for every sufficiently large j we may transplant ψ j to get a copy ϕ j ∈ C p,q >> 1 and constants c 1 , . . . , c m with at least one non-vanishing such that
Applying Gromov's theorem we obtain
since the supports of ϕ j k are disjoint. If we take < 2 , then ϕ = 0, which is absurd.
Proof of Theorem 1. We start from the unit polydisc ∆ n with the standard metric
For any p + q = n, it is not difficult to verify It follows that for any r > 0, the metric ω 2 and its first derivatives are asymptotic (via normal coordinate comparison) to those of ω 1 on geodesic balls (w.r.t. 
